Abstract. Given a finite group G, we develop a theory of G-equivariant noncommutative motives. This theory provides a well-adapted framework for the study of G-schemes, Picard groups of schemes, G-algebras, 2-cocycles, Gequivariant algebraic K-theory, orbifold cohomology theory, etc. Among other results, we relate our theory with its commutative counterpart as well as with Panin's theory. As a first application, we extend Panin's computations, concerning twisted projective homogeneous varieties, to a large class of invariants. As a second application, we prove that whenever the category of perfect complexes of a G-scheme X admits a full exceptional collection of G-invariant ( = G-equivariant) objects, the G-equivariant Chow motive of X is of Lefschetz type. Finally, we construct a G-equivariant motivic measure with values in the Grothendieck ring of G-equivariant noncommutative Chow motives.
Introduction
A differential graded (=dg) category A, over a base field k, is a category enriched over dg k-vector spaces; see §2. Every (dg) k-algebra A gives naturally rise to a dg category with a single object. Another source of examples is provided by schemes since the category of perfect complexes perf(X) of every quasi-compact quasiseparated k-scheme X admits a canonical dg enhancement perf dg (X); see §3.1.
Given a finite group G, we develop in §4 a general theory of group actions on dg categories. A dg category A equipped with a G-action is denoted by G A and called a G-dg category. For example, every G-scheme X, subgroup G ⊆ Pic(X) of the Picard group a scheme X, G-algebra A, and cohomology class [α] ∈ H 2 (G, k × ), gives naturally rise to a G-dg category; the cohomology classes correspond to the Gactions G α k on the base field k. The associated dg categories of G-equivariant objects A G are given, respectively, by equivariant perfect complexes perf G dg (X), perfect complexes perf dg (Y ) on a |G|-fold cover over X, semidirect product algebras A ⋊ G, and twisted group algebras k α [G] .
By precomposition with the functor G A → A G , all invariants of dg categories E can be promoted to invariants of G-dg categories E G . For example, algebraic K-theory leads to equivariant algebraic K-theory in the sense of Thomason [45] , and periodic cyclic homology to orbifold cohomology theory in the sense of ChenRuan [8] ; see §6.1. In order to study all these invariants simultaneously, we develop in §5 a theory of G-equivariant noncommutative motives. Among other results, we construct a symmetric monoidal functor U G : dgcat
, from smooth proper G-dg categories to G-equivariant noncommutative Chow motives, which is "initial" among all such invariants E G . The morphisms of NChow G (k) are given in terms of the G-equivariant Grothendieck group of certain triangulated categories of bimodules. In particular, the ring of endomorphisms of the ⊗-unit U G (G 1 k) identifies with the representation ring R(G) of the group G. I. Panin constructed in [33] a certain motivic category C G (k), which mixes smooth projective G-schemes with (noncommutative) separable algebras, and performed therein several computations concerning twisted projective homogeneous varieties. In Theorem 7.3 we construct a fully faithful symmetric monoidal functor from C G (k) to NChow G (k). As a byproduct, we extend Panin's computations to all the aforementioned invariants E G ; see Theorem 7.11. Making use of the work of Edidin-Graham [11] on equivariant intersection theory, Laterveer [27] , and Iyer and Müller-Stack [18] , extended the theory of Chow motives to the G-equivariant setting. In Theorem 8.4, we relate this latter theory with the one of G-equivariant noncommutative motives. Concretely, we construct a Q-linear, fully faithful, symmetric monoidal Φ making the following diagram commute
noncomutative Chow motive U G (G perf dg (X)) keeps track of some of the Gaction! Concretely, as proved in Proposition 9.8, there exist (non-trivial) cohomology classes [α 1 ], . . . , [α n ] ∈ H 2 (G, k × ) such that
This implies, in particular, that all the invariants E G (G perf dg (X)) can be computed in terms of twisted group algebras ⊕ n i=1 E(k αi [G] ). Taking into account the decompositions (1.3) and (1.7), the G-equivariant Chow motive h G (X) Q and the G-equivariant noncommutative Chow motive U G (G perf dg (X)) should be considered as complementary. While the former keeps track of the Tate twists but not of the G-action, the latter keeps track of the G-action but not of the Tate twists.
Remark 1.8. At §9.3 we discuss also the case of full exceptional collections where the objects are not G-invariant but rather permuted by the G-action.
Notations. Throughout the article, k will denote a base field and G a finite group. We will write 1 ∈ G for the unit element and |G| for the order of G. Except at §2-4, we will always assume that char(k) ∤ |G|. All schemes will be defined over Spec(k), and all adjunctions will be displayed vertically with the left (resp. right) adjoint on the left (resp. right) hand side.
Background on dg categories
Let (C(k), ⊗, k) be the symmetric monoidal category of dg k-vector spaces; we use cohomological notation. A dg category A is a category enriched over C(k) and a dg functor F : A → B is a functor enriched over C(k); consult Keller's ICM survey [20] . Let us write dgcat(k) for the category of small dg categories and dg functors.
Let A be a dg category. The opposite dg category A op has the same objects as A and dg k-vector spaces A op (x, y) := A(y, x). The category Z 0 (A) has the same objects as A and morphisms Z 0 (A)(x, y) := Z 0 (A(x, y)), where Z 0 (−) denotes the 0 th -cycles functor. The category H 0 (A) has the same objects as A and morphisms H 0 (A)(x, y) := H 0 (A(x, y)), where H 0 (−) denotes the 0 th -cohomology functor.
2.1. Dg equivalences. Let A and B be two dg categories. Recall from [20, §2.3] the definition of the dg category of dg functors Fun dg (A, B). Given dg functors F, G : A → B, a natural transformation of dg functors ǫ : F ⇒ G corresponds to an element of Z 0 (Fun dg (A, B))(F, G). When ǫ is invertible, we call it a natural isomorphism of dg functors. A dg functor F : A → B is called a dg equivalence if there exists a dg functor G : B → A and natural isomorphisms of dg functors F • G ⇒ id and id ⇒ G • F . Equivalently, the dg functor F is fully faithful and the induced functor Z 0 (F ) is essentially surjective.
Dg modules.
Let A be a small dg category. A (right) dg A-module is a dg functor M : A op → C dg (k) with values in the dg category of dg k-vector spaces. Let us write C(A) for the category of dg A-modules and C dg (A) := Fun dg (A op , C dg (k)) its dg enhancement. The latter dg category comes equipped with the Yoneda dg functor A → C dg (A), x → A(−, x). Following [20, §3.2] , the derived category D(A) of A is defined as the localization of C(A) with respect to the (objectwise) quasiisomorphisms. This category is triangulated and admits arbitrary direct sums. Let us write D c (A) for the full subcategory of compact objects. In the same vein, let C c,dg (A) be the full dg subcategory of C dg (A) consisting of those dg A-modules which belong to D c (A). By construction, we have H 0 (C c,dg (A)) ≃ D c (A). categories. An example is the Yoneda dg functor A → C c,dg (A). As proved in [42, Thm. 5.3] , the category dgcat(k) admits a Quillen model structure whose weak equivalences are the Morita equivalences. Let Hmo(k) be the homotopy category.
2.4. Product and coproduct. The product A × B, resp. coproduct A ∐ B, of two small dg categories A and B is defined as follows: the set of objects is the cartesian product, resp. disjoint union, of the sets of objects and the dg k-vector spaces (A × B)((x, w), (y, z)), resp. (A ∐ B)(x, y), are given by A(x, y) × B(w, z), resp. by A(x, y) if x, y ∈ A, by B(x, y) if x, y ∈ B, and by 0 otherwise.
2.5.
Tensor product. The tensor product A ⊗ B of two small dg categories A and B is defined as follows: the set of objects is the cartesian product of the sets of objects and the dg k-vectors spaces (A ⊗ B)((x, w), (y, z)) are given by A(x, y) ⊗ B(w, z). As explained in [20, §2.3] , this construction gives rise to a symmetric monoidal structure on dgcat(k), which descends to the homotopy category Hmo(k).
Dg bimodules.
A dg A-B-bimodule is a dg functor B :
An example is the dg A-B-bimodule A(x, y) < ∞ for any ordered pair of objects (x, y). Examples include the finite dimensional k-algebras of finite global dimension (when k is perfect) as well as the dg categories perf dg (X) associated to smooth proper schemes X. Given smooth proper dg categories A and B, the associated dg categories A × B, A ∐ B, and A ⊗ B, are also smooth proper. Let us write dgcat sp (k) for the full subcategory of dgcat(k) consisting of the smooth proper dg categories.
Equivariant perfect complexes
Let E be an abelian (or exact) category. Following Keller [20, §4.4] , the derived dg category D dg (E) of E is defined as the dg quotient C dg (E)/Ac dg (E) of the dg category of complexes over E by its full dg subcategory of acyclic complexes.
3.1. Perfect complexes. Let X be a quasi-compact quasi-separated scheme. We write Mod(X) for the Grothendieck category of O X -modules, D(X) for the derived category D(Mod(X)), and D dg (X) for the dg category D dg (E) with E := Mod(X). Recall that a complex of O X -modules F ∈ D(X) is called perfect if there exists a covering X = i V i of X by affine open subschemes V i ֒→ X such that for every i the restriction F |Vi of F to V i is quasi-isomorphic to a bounded complex of finitely generated projective O |Vi -modules. Let us write perf(X), resp. perf dg (X), for the full triangulated subcategory, resp. full dg subcategory, of perfect complexes.
3.2. Equivariant perfect complexes. Let X be a quasi-compact quasi-separated G-scheme. A G-equivariant O X -module F is a O X -module equipped with a family of isomorphisms θ σ : F → σ * (F ), σ ∈ G, with θ 1 = id, such that the compositions
3.3. Twisted equivariant perfect complexes.
Let X be a quasi-compact quasi-separated G-scheme and α a 2-cocycle. An α-twisted G-equivariant O X -module F is a O X -module equipped with a family of isomorphisms θ σ : F → σ * (F ), σ ∈ G, with θ 1 = id, such that the compositions
is called a α-twisted G-equivariant perfect complex if the underlying complex of O X -modules is perfect. Let us write perf G,α (X), resp. perf G,α dg (X), for the full triangulated subcategory, resp. full dg subcategory, of α-twisted Gequivariant perfect complexes.
Group actions on dg categories
In this section we develop a general theory of group actions on dg categories. Following Deligne [9] and Elagin [12] , we start by introducing the following notion (i) a family of dg equivalences φ σ : A → A, σ ∈ G, with φ 1 = id; (ii) a family of natural isomorphisms of dg functors ǫ ρ,σ :
Throughout the article, a dg category A equipped with a G-action will be denoted by G A and will be called a G-dg category. Example 4.2 (G-schemes). Given a quasi-compact quasi-separated G-scheme X, the dg category perf dg (X) inherits a G-action induced by the pull-back dg equivalences φ σ := σ * ; consult Elagin [12] and Sosna [38] for details.
Example 4.3 (Line bundles). Let X be a quasi-compact quasi-separated scheme.
In the case where G can be realized as a subgroup of the Picard group Pic(X), the dg category perf dg (X) inherits a G-action induced by the dg equivalences φ σ := − ⊗ OX L σ , where L σ stands for the invertible line bundle associated to σ ∈ G; consult Elagin [12] and Sosna [38] for details.
Example 4.4 (G-algebras). Given a G-action on a (dg) algebra A, the associated dg category with a single object inherits a G-action with ǫ ρ,σ := id.
Example 4.5 (2-cocycles). Given a 2-cocycle α : G × G → k × , the dg category k inherits a G-action given by φ σ := id and ǫ ρ,σ := α(ρ, σ). In what follows, we will denote this G-dg category by G α k. Note that these are all the possible G-actions on the dg category k. Remark 4.9 (Dg modules). Let G A be a small G-dg category, and C dg (k) the dg category dg k-vector spaces equipped with the trivial G-action. Thanks to Remarks 4.6 and 4.8, the dg category of dg A-modules C dg (A) := Fun dg (A op , C dg (k)) inherits a G-action, which restricts to C c,dg (A). (ii) a family of natural isomorphisms of dg functors η σ :
A G-equivariant dg functor with F a Morita equivalence is called a G-equivariant Morita equivalence. For example, given a small G-dg category G A, the Yoneda dg functor A → C c,dg (A), x → A(−, x), is a G-equivariant Morita equivalence.
Let us denote by dgcat G (k) the category whose objects are the small G-dg categories and whose morphisms are the G-equivariant dg functors. Given Gequivariant dg functors F :
. This monoidal structure is closed, with internal-Homs given by G Fun dg (A, B) .
By construction, we have the restriction functor
as well as the trivial G-action functor
where G 1 A is equipped with the G-action given by φ σ := id and ǫ ρ,σ := id. Note that (4.12)-(4.13) are symmetric monoidal and that (4.13) is faithful but not full. 
Proof. Recall that a map δ : G → k × is called a coboundary between α and β if δ(ρσ)α(ρ, σ) = δ(σ)δ(ρ)β(ρ, σ) for every σ, ρ ∈ G. If such a coboundary exists, then we can consider the G-equivariant dg functor G α k → G β k defined by F := id and η σ := δ(σ). This G-equivariant dg functor is an isomorphism in dgcat G (k), with inverse given by G := id and η σ := δ(σ) −1 . Therefore, we conclude that if
An isomorphism is necessarily given by the identity dg functor F := id and by a map δ : G → k × (corresponding to the natural isomorphisms of dg functors η σ ) such that δ(ρσ)α(ρ, σ) = δ(σ)δ(ρ)β(ρ, σ) for every σ, ρ ∈ G, i.e. by a coboundary between α and β. This concludes the proof.
Example 4.15. When k = C, we have the computations
where C n stands for the cyclic group of order n, S n for the symmetric group on n letters, A n for the alternating group on n letters, D 2n for the dihedral group associated to a polygon with n sides, and E p n for the elementary abelian group of order p n . In general, H 2 (G, k × ) is finite and a Z/|G|-module.
Let us denote by Pic(dgcat G (k)) the Picard group of the category dgcat
Proposition 4.16. We have an injective group homomorphism
Proof. Given any two 2-cocycles α and β, the G-dg category (
is isomorphic to G αβ k. This implies that G α k is an element of the Picard group, with ⊗-inverse G α −1 k. The proof follows now from Proposition 4.14.
Equivariant objects. Let G A be a G-dg category.
Definition 4.17. (i) A G-equivariant object in G A consists of an object x ∈ A and of a family of closed degree zero isomorphisms θ σ : x → φ σ (x), σ ∈ G, with θ 1 = id, such that the compositions
From a topological viewpoint, the dg category A G may be understood as the "homotopic fixed points" of the G-action on A. G is Morita equivalent to the dg category of G-equivariant perfect complexes perf
In some cases, the latter dg category admits a geometric description in terms of a resolution of the singular quotient X/G:
for all closed points x ∈ X. In these cases, Bridgeland, King, and Reid, constructed in [6] a crepant resolution Y → X/G (using a component of the Hilbert scheme of G-clusters) and proved that perf 
is Morita equivalent to perf dg (Y ). In the particular case where X is an Enriques surface, G = C 2 is the cyclic group of order 2, and L is the canonical bundle of X, the 2-fold cover Y of X is known to be a K3-surface.
Example 4.20 (Semidirect product algebras). Let G
A be as in Example 4.4. As mentioned in Remark 4.9, the dg category C c,dg (A) inherits a G-action. Moreover, it admits direct sums and H 0 (C c,dg (A)) ≃ D c (A) is an idempotent complete triangulated category. Furthermore, the dg A-module A generates the triangulated category D c (A). Making use of Lemma 4.22 below, we conclude that when char(k) ∤ |G|, the dg category C c,dg (A)
G is Morita equivalent to the dg algebra of endomorphisms of the G-equivariant object (⊕ ρ∈G φ ρ (A), θ σ ). A simple computation, using the fact that θ σ = id, shows that this (dg) k-algebra is isomorphic to the semidirect product (dg) algebra A ⋊ G. G is Morita equivalent to the (dg) algebra of endomorphisms of the G-equivariant object (⊕ ρ∈G φ ρ (k), θ σ ). A simple computation, using the fact that φ ρ (k) = k, shows that this (dg) k-algebra is isomorphic to the twisted group algebra k α [G] . Roughly speaking, the twisted group algebras are the "homotopic fixed points" of the G-actions on the dg category k.
Lemma 4.22. Assume that char(k) ∤ |G|. Let G A be a G-dg category such that A admits direct sums and H 0 (A) is an idempotent complete triangulated category. If x ∈ A generates the triangulated category H 0 (A), then the dg category A G is Morita equivalent to the dg algebra of endomorphisms of the G-equivariant object
G , where θ σ is given by the collection of isomorphisms ǫ σ,ρ (x) −1 .
Proof. As proved in [12, Lem. 8.6 ], the category
we have the adjunction of categories:
Using the fact that the right adjoint functor is conservative, we conclude from (4.23) that if x generates the triangulated category
G under the Yoneda dg functor generates the triangulated category D c (A G ). This implies that the dg category A G is Morita equivalence to the dg algebra of endomorphisms of (⊕ ρ∈G φ ρ (x), θ σ ).
Remark 4.24 (G-equivariant dg functors). Let G
A and G B be two dg categories. The assignment (F, 
We hence obtain a functor
Proposition 4.26. We have the adjunction of categories: 
O O
Proof. Let A be a small dg category and B a small G-dg category. The unit of the adjunction is given by the dg functors A → A G , x → (x, θ σ := id), and the counit by the G-equivariant dg functors
. This data satisfies the axioms of an adjunction.
Remark 4.27 (G ∨ -action). Let A be a G-dg category and A G the associated dg category of G-equivariant objects. Given a character χ :
These dg equivalences and the natural isomorphisms of dg functors ǫ ψ,χ := id equip A G with a G-action, where G stands for the group of characters of G. Since this construction is functorial on A, it gives rise to a functor
The composition of (4.28) with the restriction functor (4.12) agrees with (4.25).
Twisted equivariant objects. Let
α : G × G → k × be
a 2-cocycle and G
A a G-dg category. Similarly to Definition 4.17, an α-twisted G-equivariant object in G A consists of an object x ∈ A and of a family of closed degree zero isomorphisms θ σ : x → φ σ (x), σ ∈ G, with θ 1 = id, such that the compositions 
Equivariant noncommutative motives
In this section we introduce the categories of equivariant noncommutative Chow motives and equivariant noncommutative numerical motives. We start by recalling the definition of their non-equivariant predecessors; for further information on noncommutative motives, we invite the reader to consult the book [39] . In the remainder of the article we will always assume that char(k) ∤ |G|.
Noncommutative Chow motives.
As proved in [42, Cor. 5.10] , there is a canonical bijection between Hom Hmo(k) (A, B) and the set of isomorphism classes of the triangulated category rep(A, B). Under this bijection, the composition law of Hmo(k) is induced by the triangulated bifunctors
and the localization functor from dgcat(k) to Hmo(k) is given by
The additivization of Hmo(k) is the additive category Hmo 0 (k) with the same objects and with abelian groups of morphisms Hom Hmo0(k) (A, B) given by K 0 rep(A, B), where K 0 rep(A, B) stands for the Grothendieck group of the triangulated category rep(A, B). The composition law is induced by the triangulated bifunctors (5.1). By construction, Hmo 0 (k) comes equipped with the functor
Let us denote by U : dgcat(k) → Hmo 0 (k) the composition (5.3) • (5.2). As proved in [42, Lem. 6 .1], the category Hmo 0 (k) carries a symmetric monoidal structure induced by the tensor product of dg categories and by the triangulated bifunctors
By construction, the functor U is symmetric monoidal. The category NChow(k) of noncommutative Chow motives is defined as the idempotent completion of the full subcategory of Hmo 0 (k) consisting of the objects U (A) with A a smooth proper dg category. The category NChow(k) is additive, idempotent complete, and rigid symmetric monoidal (i.e. all its objects are strongly dualizable).
Noncommutative numerical motives.
Given an additive rigid symmetric monoidal category C, its N -ideal is defined as follows
where tr(g • f ) stands for the categorical trace of the endomorphism g • f . The category NNum(k) of noncommutative numerical motives is defined as the idempotent completion of the quotient NChow(k)/N .
Equivariant noncommutative Chow motives. Let G
A and G B be two small G-dg categories. As mentioned in Remark 4.10, the dg category rep dg (A, B) inherits a G-action. As a consequence, we obtain an induced Gaction on the triangulated category H 0 (rep dg (A, B)) ≃ rep(A, B). Thanks to [12, Thm. 8.7] , the category of G-equivariant objects rep(A, B)
G is also triangulated. Given small G-dg categories G A, G B, and G C, consider the following G-equivariant dg functor (G acts diagonally on the left-hand side)
By first applying H 0 (−) and then (−) G , we obtain an induced triangulated bifunctor
Let Hmo G (k) be the category with the same objects as dgcat G (k) and with morphisms Hom Hmo G (k) (G A, G B) given by the set of isomorphism classes of the category rep(A, B) G . The composition law is induced by the triangulated bifunctors (5.4). Thanks to Remark 4.24, we have the functor:
Lemma 5.6. The functor (5.5) inverts G-equivariant Morita equivalences.
Proof. Let G A → G B be a G-equivariant Morita equivalence. Thanks to the Yoneda lemma, it suffices to show that for every object G C the homomorphism
is invertible. Since G A → G B is a G-equivariant Morita equivalence, we have an induced G-equivariant equivalence of categories rep(C, A) → rep(C, B), and consequence an equivalence of categories rep(C, A)
The additivization of Hmo G (k) is the category Hmo small G-dg categories G A, G B, G C, and G D, consider the following G-equivariant dg functor (G acts diagonally on the left-hand side)
, combined with the triangulated bifunctors (5.9), gives rise to a symmetric monoidal structure on Hmo
By construction, the functor U G is symmetric monoidal.
Proposition 5.10. The category Hmo
for any two small G-dg categories G A and G B.
Proof. By construction, the morphism sets of Hmo G 0 (k) are abelian groups and the composition law is bilinear. Hence, it suffices to show the isomorphisms (5.11), which imply in particular that the category Hmo G 0 (k) admits direct sums. Given a small G-dg category G C, we have equivalences of categories
By passing to the Grothendieck group K 0 , we conclude that U G (G (A×B)), resp. U G (G (A ∐ B) ), is the product, resp. coproduct, in Hmo
. Using the fact that the category Hmo Since the smooth proper dg categories are stable under (co)products, it follows from the isomorphisms (5.11) that the category NChow G (k) is also additive.
Proposition 5.13. The symmetric monoidal category NChow
Proof. By construction of NChow G (k), it suffices to show that U G (G A), with A a smooth proper dg category A, is strongly dualizable. Take for dual of
associated to the identity dg functor id : A → A, is canonically a G-equivariant object. Moreover, since A is smooth proper, the dg A-A-bimodule (5.14) belongs to the triangulated categories rep(A ⊗ A op , k) G and rep(k, A op ⊗ A) G . Let us then take for the evaluation morphism the Grothendieck class of (5.14) in
and for the coevaluation morphism the Grothendieck class of (5.14) in
This data satisfies the axioms of a strongly dualizable object.
Proposition 5.15. For every cohomology class
, the ring of endomorphisms (where multiplication is given by composition)
is isomorphic to the representation ring R(G) of the group G.
Proof. By construction of NChow G (k), we have canonical ring identifications
Hence, it suffices to prove the particular case α = 1. As mentioned in Example 4.18, the category rep(k, k)
. This implies that the abelian group (5.16), with α = 1, is isomorphic to the G-equivariant Grothendieck group K 0 (perf
In what concerns the ring structure, the Eckmann-Hilton argument, combined with the fact that
implies that the multiplication on (5.16) given by composition agrees with the multiplication on (5.16) induced by the symmetric monoidal structure on perf G (Spec(k)). The proof follows now from the definition of R(G) as the G-equivariant Grothendieck ring of Spec(k).

Example 5.17. (i) When k = C and G is abelian, the representation ring R(G)
identifies with the group ring Z [ G] . For example, when G = C n is the cyclic group of order n, we have R(C n ) ≃ Z[χ]/ χ n − 1 ; (ii) When k = C and G = S 3 is the symmetric group on 3 letters, we have [39] for a detailed study of the representation ring. 
In the converse direction, we have the induction functor
where G acts by permutation of the components.
Proposition 5.21. We have adjunctions of categories: rep(A, B) )
By passing to the Grothendieck group K 0 , we obtain the left-hand side adjunction. The right-hand side adjunction follows now from the fact that smooth proper dg categories are stable under coproducts.
Equivariant noncommutative numerical motives.
The category of Gequivariant noncommutative Chow motives is additive and rigid symmetric monoidal. Therefore, following §5.2, the category NNum G (k) of G-equivariant noncommutative numerical motives is defined as the idempotent completion of the quotient NChow G (k)/N . Since N is a ⊗-ideal, the category NNum G (k) is not only additive and idempotent complete, but also rigid symmetric monoidal. Note that endomorphism ring End 
As a consequence, we obtain an induced bilinear form
The next result describes the ⊗-ideal N in terms of the preceding bilinear form. Since this result is not used in the article, we leave the proof to the reader. (A, B) G , the conditions are equivalent: Proposition 5.24. When 1/|G| ∈ R, we have a decomposition of R-linear, idempotent complete, rigid symmetric monoidal categories:
Coefficients. Given a commutative ring R, let us write Hmo
Under this decomposition, the restriction functor NChow G (k) R → NChow(k) R corresponds to the projection onto NChow(k) R . Consequently, the same holds for Gequivariant noncommutative numerical motives.
Proof. Let us denote by kG the regular representation. Since 1/|G| ∈ R, we can consider the orthogonal idempotents e + := [kG]/|G| and e − := 1 − [kG]/|G| of the representation ring R(G) R . Using the identification of Proposition 5.15 between End
and R(G) R and the fact that NChow G (k) R is idempotent complete, we obtain a decomposition of the ⊗-unit object
, stands for the image of e + , resp. e − . Given an object NM ∈ NChow G (k), let NM + , resp. NM − , be the tensor product of NM with
In the same vein, let us write 
+ to 1 and e − to 0. Consequently, given a small G-dg category G A, the restriction functor sends
Since this functor is essentially surjective, it remains then only to show that the restriction homomorphisms
Their inverses are provided by the homomorphisms
where θ σ is given by the collection of isomorphisms ǫ σ,ρ (M ) −1 .
Equivariant and enhanced additive invariants
Given a small dg category A, let T (A) be the dg category of pairs (i, x), where i ∈ {1, 2} and x ∈ A. The dg k-vector spaces T (A)((i, x), (j, y)) are given by A(x, y) if j ≥ i and are zero otherwise. Note that we have two inclusion dg functors ι 1 , ι 2 : A → T (A). A functor E : dgcat(k) → D, with values in an additive category, is called an additive invariant if it satisfies the following two conditions:
(i) it sends Morita equivalences to isomorphisms; (ii) given a small dg category A, the dg functors ι 1 , ι 2 induce an isomorphism 
Examples of additive invariants include algebraic
where the left-hand side denotes the category of additive functors and the righthand side the category of additive invariants. , we obtain the computations:
, where D i := End kα [G] (S i ) is the division algebra associated to the simple (right)
6.1. Equivariant additive invariants. Given an additive invariant E, the associated G-equivariant additive invariant is defined as the composition 
Example 6.5 (Equivariant algebraic K-theory). The composed functor (6.3) with E := K is called G-equivariant algebraic K-theory. Recall that a quasi-compact quasi-separated G-scheme X has the resolution property if every G-equivariant coherent O X -module is a quotient of a G-bundle. For example, the existence of an ample family of line G-bundles implies the resolution property. As explained in [22, Cor. 3.9] , whenever X has the resolution property, 
where X σ ⊂ X stands for the σ-invariant subscheme.
Example 6.9 (Orbifold cohomology theory). Since Hochschild, cyclic, periodic, and negative cyclic homology, can be recovered from the mixed complex, the decomposition (6.8) holds similarly with C replaced by HH, HC, HP , and HN . In the particular case of periodic cyclic homology, with k = C, the Hochschild-KostantRosenberg theorem yields a decomposition of Z/2Z-graded C-vector spaces:
The right-hand side is known as the even/odd orbifold cohomology H * orb (X, C) of the quotient X/G in the sense of Chen-Ruan [8] .
Example 6.10 (Equivariant topological Hochschild and cyclic homology). The composed functor (6.3) with E := T HH, resp. E := T C, is called G-equivariant topological Hochschild homology, resp. G-equivariant topological cyclic homology. To the best of the author's knowledge, these invariants are new in the literature.
Proof. Given two small G-dg categories G A and G B, consider the dg functor
where (a) stands for the canonical dg functor and (b) for the dg functor which sends a G-representation (M, θ σ ) to the dg k-vector space of G-invariants M G ; since char(k) ∤ |G| the latter dg functor is well-defined. By first taking the left dg Kan extension (see [21, §4] 
and then the functor H 0 (−), we obtain an induced triangulated functor rep(A, B) [12, Thm. 8.7] . Consequently, by passing K 0 , we obtain an induced homomorphism
The assignments U G (G A) → U (A G ) and (6.12) give rise to an additive functor 25) . Given a G-equivariant additive invariant E G , let us denote by E : Hmo 0 (k) → D the additive functor corresponding to E under the equivalence of categories (6.1). Under these notations, the additive functor E G is now defined as the composition E • (6.13).
Remark 6.14 (Green-Julg theorem). Recall from (4.13) the definition of the trivial G-action functor. Clearly, it gives rise to an additive functor
Moreover, similarly to the proof of Proposition 4.26, we have the adjunction:
By analogy with Kasparov's KK-theory (see Meyer's survey [31] ), this adjunction may be called the "Green-Julg theorem". In particular, given any G-algebra G A,
6.2. Enhanced additive invariants. Given an additive invariant E, the associated G-enhanced additive invariant is defined as follows
where D G stands for the category of G-equivariant objects in D (with respect to the trivial G-action); since E sends Morita equivalences to isomorphisms, E is well-defined. When E is symmetric monoidal, E is also symmetric monoidal.
Proposition 6.16. Given a G-enhanced additive invariant E , there exists an additive functor E : Hmo
Proof. Given small G-dg categories G A and G B, the composition
where the first homomorphism is induced by the restriction functor and the second homomorphism by the additive functor E, takes values in the abelian subgroup Hom D G ((E(A), E(φ σ )), (E(B), E(φ σ ))). Therefore, E is defined by the assignments U G (G A) → (E(A), E(φ σ )) and (6.17).
Remark 6.18 (Equivariance plus enhacement). As explained in Remark 4.27, the functor (4.25) admits the "lifting" (4.28). Therefore, given an additive invariant E, we can also consider the composition
Note that by composing (6.19) with the forgetful functor from D G ∨ to D, we recover the G-equivariant additive invariant (6.3). Intuitively speaking, the group G of characters acts on every G-equivariant additive invariant.
Relation with Panin's motivic category
Let H be an algebraic group scheme over k. Recall from Panin [33, §6] , and from Merkurjev [32, §2.3] , the construction of the motivic category 4 C H (k). The objects are the pairs (X, A), where X is a smooth projective H-scheme and A is a separable algebra, and the morphisms are given by the Grothendieck groups
where Vect H (X × Y, A op ⊗ B) stands for the exact category of those H-equivariant right (O X×Y ⊗(A op ⊗B))-modules which are locally free and of finite rank as
where π ST stands for the projection of X × Y × Z into S × T . The category C H (k) carries a symmetric monoidal structure induced by (X, A)⊗(Y, B) := (X×Y, A⊗B). Moreover, it comes equipped with two symmetric monoidal functors
defined on the category of smooth projective H-schemes and separable algebras, respectively. Let us denote by dgcat
the full subcategory of those small G-dg categories G A with A smooth proper. Theorem 7.3. When H = G is a (constant) finite algebraic group scheme, there exists an additive, fully faithful, symmetric monoidal functor Ψ :
making the following diagrams commute:
Proof. Given a smooth projective G-scheme X and a separable algebra A, let us write Mod(X, A) for the Grothendieck category of right (O X ⊗A)-modules, D(X, A) for the derived category D(Mod(X, A)), and D dg (X, A) for the dg category D dg (E) with E := Mod(X, A). In the same vein, let us write perf(X, A), resp. perf dg (X, A), for the full triangulated subcategory, resp. full dg subcategory, of those complexes of right (O X ⊗ A)-modules which are perfect as complexes of O X -modules. As proved in [40, Lem. 6.4] , the dg category perf dg (X, A) is smooth proper. Let X and Y be smooth projective G-schemes and A and B separable algebras. Consider the inclusion functor
as well as the functor
where Φ F stands for the Fourier-Mukai dg functor
. Both functors (7.5)-(7.6) are G-equivariant. Consequently, making use of the identification perf
G (see Example 4.18), we obtain induced group homomorphisms
Similarly to [40, Thm. 6.10] , the assignments (X, A) → U G (G perf dg (X, A)), combined with the group homomorphisms (7.8)•(7.7), gives rise to an additive symmetric monoidal functor Ψ :
As explained at [40, page 30] , the functor (7.6) is an equivalence. This implies that (7.8) is invertible. Since X × Y admits an ample family of line G-bundles, the homomorphism (7.7) is also invertible. We hence conclude that the functor Ψ is moreover fully faithful. Finally, the commutativity of the diagrams (7.4) follows from the identifications perf dg (X, k) = perf dg (X) and perf dg (Spec(k), A) = C c,dg (A) and from the fact that the Yoneda dg functor A → D c,dg (A) is a G-equivariant Morita equivalence.
7.1. Twisted projective homogeneous varieties. Let H be a split semi-simple algebraic group scheme over k, P ⊂ H a parabolic subgroup, and γ : Gal(k sep /k) → G(k sep ) a 1-cocycle. Out of this data, we can construct the projective homogeneous H-variety H/P as well as its twisted form γ H/P . Let H and P be the universal covers of H and P , R( H) and R( P ) the associated representation rings, n the index [W ( H) : W ( P )] of the Weyl groups, Z the center of H, and Ch := Hom( Z, G m ) the character group. Under these notations, Panin proved in [33, Thm. 4.2] that every Ch-homogeneous basis ρ 1 , . . . , ρ n of R( P ) over R( H) gives rise to an isomorphism (7.10) (
, where A i stands for the Tits' central simple algebra associated to ρ i .
Theorem 7.11. Let H, P , γ be as above, and G k the (constant) algebraic group scheme associated to G. For every homomorphism G k → H and G-equivariant additive invariant E G , we have an induced isomorphism
, where γ H/P is considered as a G-scheme.
Proof. Via G k → H, Panin's computation (7.10) holds also in the motivic category C G (k). Making use of Theorem 7.3 and Lemma 5.6, we conclude that
The proof follows then from Proposition 6.11 and Example 6.4(iii).
Remark 7.13 (G-equivariant Hochschild homology). When E G is G-equivariant Hochschild homology HH G , the right-hand side of (7.12) reduces to
, where (a) follows from [28, Cor. 1.2.14] and (b) from the fact that HH 0 (A) ≃ k for every central simple k-algebra A. In the particular case where k is algebraically closed, (7.14) reduces moreover to ⊕ n i=1 HH(k) ⊕| G | ; see Remark 6.2(iii).
7.2. Quasi-split case. When the algebraic group scheme H is a quasi-split, Panin proved in [33, Thm. 12.4 ] that a computation similar to (7.10) also holds. In this generality, the algebras A i are no longer central simple but only separable. The analogue of Theorem 7.11 (with the same proof) holds similarly. Moreover, when E G := HH G , the right-hand side of (7.12) reduces to
8. Relation with equivariant motives 8.1. Equivariant motives. Given a smooth projective G-scheme X and an integer i ∈ Z, let us write CH i G (X) Q for the i th -codimensional G-equivariant Chow group of X in the sense of Edidin-Graham [11] . Since the group G is finite, we have CH i G (X) Q = 0 whenever i / ∈ {0, . . . , dim(X)}; see [10, Prop. 5.2] . Let X and Y be smooth projective G-schemes, X = ∐ j X j the decomposition of X into its connected components, and r an integer. The Q-vector space Corr
. Recall from Laterveer [27] , and from Iyer and Müller-Stack [18] , the construction of the category Chow G (k) Q of G-equivariant Chow motives with Q-coefficients. The objects are the triples (X, p, m), where X is a smooth projective G-scheme, p 2 = p ∈ Corr 0 G (X, X) is an idempotent endomorphism, and m is an integer. The Q-vector spaces of morphisms are given by
and the composition law is induced by the composition (8.1) of correspondences. By construction, the category Chow G (k) Q is Q-linear, additive, and idempotent complete. Moreover, it carries a symmetric monoidal structure induced by the formula (X, p, m) ⊗ (Y, q, n) := (X × Y, p ⊗ q, m + n). The G-equivariant Lefschetz motive (Spec(k), id, −1) will be denoted by L and the G-equivariant Tate motive (Spec(k), id, 1) by Q(1); in both cases G acts trivially. Finally, the category Chow G (k) Q comes equipped with the symmetric monoidal functor
The category Chow G (k) Q is additive and rigid symmetric monoidal. Therefore, similarly to §5.2, the category Num G (k) Q of G-equivariant numerical motives with Q-coefficients is defined as the idempotent completion of Chow
8.2. Orbit categories. Let C be an additive symmetric monoidal category and O ∈ C a ⊗-invertible object. The orbit category C/ −⊗O has the same objects as C and abelian groups of morphisms Hom C/−⊗O (a, b) := ⊕ i∈Z Hom C (a, b ⊗ O ⊗i ). Given objects a, b, and c, and morphisms
where f 0 = f and f i = 0 if i = 0, is endowed with a natural isomorphism of functors π • (− ⊗ O) ⇒ π and is 2-universal among all such functors; see [41, §7] .
The category C/ −⊗O is additive and, as proved in [41, Lem. 7.3] , it inherits from C a symmetric monoidal structure making π symmetric monoidal. 
Proposition 8.2. Given any two cohomology classes
Proof. By construction of NChow G (k), we have group isomorphisms:
.
, where φ ρ (k) = k and θ σ is given by the collection of units (α −1 β)(σ, ρ) ∈ k × . Similarly, consider the βα −1 -twisted G-equivariant object
, where θ σ is given by (β −1 α)(σ, ρ). The associated Grothendieck classes correspond then to morphisms
in the category NChow G (k). Since the rank of the elements g • f, f • g ∈ R(G) is non-zero (see Proposition 5.15), we conclude from the definition of NChow G (k) I that the morphisms f I and g I are invertible. This achieves the proof. Remark 8.3 (Groups of central type). Note that the group algebra k [G] is not simple; it contains the non-trivial augmentation ideal. In the case where G is of central type, there exist cohomology classes [α] ∈ H 2 (G, k × ) for which the twisted group algebra k α [G] is simple! For example, the group G := H × H (with H abelian) is of central type and the twisted group algebra k α [G] associated to the 2-cocycle α((σ, χ), (ρ, ψ)) := χ(ρ) is simple. By combining Remark 6.2 with Example 6.4(iv) and with Proposition 6.11, we conclude that
. This shows that Proposition 8.2 is false before I-localization.
8.4.
Bridges. The next result relates the categories of G-equivariant noncommutative motives with the categories of G-equivariant motives.
Theorem 8.4. There exist Q-linear, fully-faithful, symmetric monoidal functors Φ and Φ N making the following diagram commute:
Proof. Let us denote by C G sp (k) Q the idempotent completion of the full subcategory of C G (k) Q (see §7) consisting of the objects (X, k) Q . Given smooth projective Gschemes X and Y , we have isomorphisms
Moreover, given [F ] Q ∈ K Similarly to §8.3, we can also consider the I Q -localized category C G sp (k) Q,I Q . Let us now construct a functor Φ 1 making the following diagram commute
where Φ 2 stands for the Q-linear, fully faithful, symmetric monoidal functor naturally induced from Ψ; see Theorem 7.3. As proved in [10, Cor. 5.1], we have a Riemann-Roch isomorphism τ X :
CH i G (X) Q for every smooth projective G-scheme X. This isomorphism preserves the multiplicative structures. Moreover, given any G-equivariant map f : X → Y , the following squares are commutative (we assume that f is proper on the right-hand side):
By construction of the orbit category, we have isomorphisms 1 . By construction, Φ is Q-linear, fully faithful, symmetric monoidal, and makes the upper rectangle of (8.5) commute. Now, consider the following commutative diagram:
where ( [17, §1.4 ] that a semi-orthogonal decomposition of length n, denoted by T = T 1 , . . . , T n , consists of full triangulated subcategory T 1 , . . . , T n ⊂ T satisfying the following conditions: the inclusions T i ⊂ T admit left and right adjoints; the triangulated category T is generated by the objects of T 1 , . . . , T n ; and Hom T (T j , T i ) = 0 when i < j. An object E ∈ T is called exceptional if Hom T (E, E) = k and Hom T (E, E[m]) = 0 when m = 0. A full exceptional collection of length n, denoted by T = (E 1 , . . . , E n ), is a sequence of exceptional objects E 1 , . . . , E n which generate the triangulated category T and for which we have Hom T (E j , E i [m]) = 0, m ∈ Z, when i < j. Every full exceptional collection gives rise to a semi-orthogonal decomposition T = D c (k), . . . , D c (k) .
Proposition 9.1. Let A be a small G-dg category and A i ⊆ A, 1 ≤ i ≤ n, full dg subcategories. Assume that σ * (A i ) ⊆ A i for every σ ∈ G, and that D c (A) admits a semi-orthogonal decomposition D c (A 1 ), . . . , D c (A n ) . Under these assumptions, we have an isomorphism
for every G-action on X. In what concerns O E1 (−1) and O E2 (−1), they are G
